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Two atoms put at the foci of a perfect lens [J.B. Pendry, Phys. Ref. Lett. 85, 3966 (2000)] are 
shown to exhibit perfect sub- and super-radiance even over macroscopic distances limited only by 
the propagation length in the free-space decay time. If the left-handed material forming the perfect 
lens has nearly constant negative refraction and vanishing absorption over a spectral range larger 
than the natural linewidth, the imaginary part of the retarded Greens- function between the two 
focal points is identical to the one at the same spatial position and the atoms undergo a Markovian 
dynamics. Collective decay rates and level shifts are calculated from the Greens-function of the 
Veselago-Pendry lens and limitation as well as potential applications are discussed. 
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Negative refraction of electromagnetic radiation in ma- 
terials with simultaneous negative dielectric positivity e 
and magnetic permeability p was first predicted by Vese- 
lago |]|. These so-called left-handed media attracted 
much attention recently because of possible realizations 
in metamaterials 0, IE m, IE El and their application for a 
lens without diffraction limitations 0. An infinite par- 
allel slab of lossless left-handed material of thickness d 
collects all plane waves from a point source on one side 
of the slab not too far away from the surface in a focal 
point on the other side. If the medium has a refractive 
index of n = —1 the distance between the two foci is 
2d. As pointed out by Pendry , the lens formed by the 
slab is perfect in the sense that the amplitudes of evanes- 
cent waves emerging from the source are amplified in the 
left handed medium (LHM) and exactly reproduced at 
the focal point thus leading to an image not limited by 
diffraction. This raises the question what happens to 
two atoms with radiative transitions inside the frequency 
range of negative refraction put in the focal points of a 
Veselago-Pendry lens. 

We here show that the imaginary part of the re- 
tarded Greens-function between the two focal points is 
under ideal conditions identical to the free-space Greens- 
function at the same positions. As a consequence there 
occurs perfect sub- and super-radiance Q of the two 
atoms as well as dipole-dipole shifts even over distances 
large compared to the transition wavelength. The strong 
radiative coupling persists as long as the distance be- 
tween the focal points is smaller than the propagation 
length during the free-space radiative decay time. For 
larger distances retardation and memory effects become 
important and the two-atom system can no longer be 
described by a master equation. 

Let us consider an infinitely extended slab of homoge- 
neous LHM of thickness d and two atoms put in two focal 
points of the Veselago-Pendry lens formed by the slab as 
shown in fig^ The distance between the focal points is 
d(l — n), n < being the refractive index of the LHM. 
The atoms are two- level systems with ground states |1) 
and excited states |2) and common transition frequency 



luq. The dipole vectors of the atoms are denoted by di 
and d2- 
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FIG. 1: Two atoms put into the focal points of a Veselago- 
Pendry lens with n = — 1. Focal points are all pairs of posi- 
tions at the two sides of the slab with distance 2d. The spatial 
regions z > (vacuum), — d < z < (LHM), and z < — d 
(vacuum) are denoted by the numbers 0, 1, 2 respectively. 



The coupling of the atoms to the quantized radiation 
field is described by the interaction Hamiltonian in dipole 
approximation 
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= -di-E(n)-di-E(r 2 ), 



(1) 



where E(r) is the operator of the electric field in the pres- 
ence of the LHM. Employing the usual Born-Markov and 
rotating-wave approximations one can derive a master 
equation for the two-atom density matrix in the interac- 
tion picture 
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Here a k = | l)jy-(2| are the flip operators of the fcth 
atom. The rates T(r k ,ri) describe the radiative decay 
of the two two-level atoms. T(r k ,r k ) corresponds to the 
single-particle decay rates of an atom at position and 
r(ri,r2) describes the dissipative cross coupling. Both 
quantities are determined by the imaginary part of the 
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retarded Greens-tensor of the electric field at the atomic 
transition frequency G(r fe ,r ; ,a;o) = G M „(r fe , v u u )fi o t>, 
"o" denoting a tensorial product and jl and z> are unit 
vectors 
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(5w(rfe,rfc) is the single-atom Lamb shift and (5w(ri,r 2 ) 
describes the radiative dipole-dipole shift. It is well 
known that the Lamb shift is not correctly described by 
the two-level model. Furthermore its explicit expression 
as given below diverges and a renormalization is needed. 
The Lamb shift is however of no relevance for the present 
discussion and will be ignored, i.e. it is assumed to be 
included in the bare transition frequency. In contrast 
the dipole-dipole shift can correctly be calculated within 
the present model, when the free-field part is subtracted. 
This is because the Veselago-Pendry lens can only lead to 
contributions within a finite frequency window Sub- 
tracting the free-field contribution one finds 
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where AG F (ri,r2,u) = G (tlI/ (ri,r 2 , w) - G° !/ (ri,r 2 , w), 
G^ 1/ (ri, r 2 , uj) being the components of the free-field re- 
tarded Greens-tensor. 

The master equation (J2J) for the two-atom system 
can be written in a diagonal form introducing a ba- 
sis of symmetric and antisymmetric states |11), 1 22} and 
|s) = (|12) + |21»/-y/2 and |a) = (| 12) - |21))/V2. This 
yields for the populations 
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where Tn = T(r, r) and Ti 2 = r(ri,r 2 ). In addition 
there is a level shift of the symmetric and antisymmetric 
states |s) and |a) below or above the single atom energy 
by the dipole-dipole shift 5lu, given in eq.(@J. 

The retarded Greens-function corresponding to a 
slab with a homogeneous and linear magneto-dielectric 
medium (figQ can be calculated by a plane wave decom- 
position. Following |T(j one finds for the two positions r 
and r' in vacuum on the same side of the lens 
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where z < z' has been assumed. For r and r' being in 



vacuum on different sides of the lens one finds 
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The superscripts 0,1,2 at the Greens- functions denote 
the zones of positions r and r': z > (vacuum), 
— d < z < (LHM), and z < —d (vacuum) respec- 
tively. We here have used the definitions k 2 — uj 2 /c 2 , 
k z = y/ {k 2 — fcjj and d 2 k± = dk x dk y . Furthermore 
K = k x ~k + k y y — k z z and we have introduced the orthog- 
onal unit vectors e = kx z/|k x z| and h = pe x k/ |fc|, 
where p = 1 for a normal medium and p = — 1 for a 
LHM. R TE ,R™ and T TE ,T™ are the reflection and 
transmission functions of the lens for transverse electric 
and transverse magnetic modes. They read 
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Here k\ z — ^Jk\ — k\ and k\ — s(uj) ii{uj)uj 2 / 'c 2 . Rij and 
Sij are the reflection coefficients at the boundaries bet- 
ween media i and j for TE and TM modes respectively. 
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The indexes i,j <E {0, 1,2} denote the region outside or 
inside the lens, i.e. fc 2 = k\ = k 2 = uj 2 /c 2 and k\ — 
e(Lo)n(uj)uj 2 /c 2 . 

From expressions (0 and (|10fl one can calculate 
Im[G(rfe,r/,wo)] for an ideal Veselago-Pendry- lens, i.e. 
for infinite transversal extension and a lossless medium 
with n(u!o) — — 1. Since in this case i? TE = R™ = one 
finds e.g. Im[G 00 (r, r, u a )] — (fe/671") 1, i.e. exactly the 
free-space value. Most importantly one finds that for all 
points r' in region 2 [z 1 < —d) 

Im[G 20 (r',r,w )j = Im[G 00 (r' + 2dz, r, w )l , (16) 

since T TE = T™ = e ik ^- k * d and k lz = -k z . The latter 
holds because k points backward in a LHM. Thus with 
respect to the radiative decay, the second atom located 
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in region 2 at r', i.e. on the other side of the Veselago- 
Pendry lens, behaves as if it would be located in region 
at position r' + 2dz. This implies that for an atom pair 
in the focal points 



(17) 



Thus the antisymmetric, single excited state |a) has van- 
ishing radiative decay, while the symmetric state |s) de- 
cays with twice the free-space rate. I.e. there is perfect 
sub- and super-radiance between the two atoms. 

Remarkably the existence of sub-/super-radiant states 
does not seem to depend on the distance between the 
atoms. In particular in contrast to free space the phe- 
nomenon is possible also over distances large compared 
to the transition wavelength. This is due to the vanish- 
ing optical length of all pathways between the two foci of 
an ideal Veselago-Pendry lens within the relevant spec- 
tral width. Fig[21 shows the ratio T^/Tn as a function 
of the spatial shift of atom 2 from the image of atom 
1 at X{ m — 0, Zj m = in radial (x) and axial direction 
(z). The profile is identical to the free-space case with 
atom 1 being located at x = 0, z = 0. One recognizes 
from fig[21that like in free space the positions of the two 
atoms have to be controlled to within a fraction of the 
transition wavelength A. 
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FIG. 2: Deviation from perfect sub/super-radiance as a func- 
tion of spatial shift of atom 2 out of focal point of atom 1. z 
corresponds to axial, x to radial shift. The dipole moments 
of the atoms are assumed to be oriented along the x axis. 
r^/Tii = 1 corresponds to perfect sub-radiance of antisym- 
metric state, ri2/rn = to independent atoms. 



When the lens is not perfect, e.g. in the presence of 
losses, the ratio r^/rn decreases roughly exponentially 
with increasing distance of the atoms and the sub- /super- 
radiance effect disappears. This is illustrated in Fig. 
The radiative coupling is also not perfect if the lens has 
only a limited transversal extension. It is not possible to 
give an analytical expression for the Greens-tensor of a 
lens consisting of a disk of finite radius a. Also a numer- 
ical calculation of G for this case is quite difficult. One 
can however obtain an estimate of the effect if d 3> A by 



employing a short-wavelength or ray-optics approxima- 
tion. Noting that for a lossless LHM with n(wo) = — 1 
only propagating waves with k± < ojq/c contribute to 
Im [G 20 ] , we can model the effect of a finite transverse 
extension of the lens by restricting the k± integration in 
ea. (|10f> to values 
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The corresponding result is shown in Fig. [3Jd. It is ap- 
parent that already a moderate ratio a/d is sufficient to 
obtain close to 100% suppression of decay of the anti- 
symmetric state | a). 




FIG. 3: left: r^/Tu as function of imaginary part of refrac- 
tive index nj for Re[n] = —1 for different thicknesses d of 
the lens, d = 100A/27T (solid line), d — 10A/27T (dashed), and 
d = 1A/2-7T (dotted), right: T^/Tn as function of transversal 
radius a. 



If the LHM has arbitrarily small losses at the frequency 
of interest and if the lens has a sufficiently large transver- 
sal extension, the previous discussion suggests that sub- 
and super-radiance is possible for two atoms at arbitrary 
distance. For causality reasons this is of course not possi- 
ble. Thus the question arises what is the maximum possi- 
ble separation 2d of the atoms over which the effect exists. 
As pointed out already in the original paper by Veselago 
PJ, a lossless negative index material is necessarily dis- 
persive. The positivity of the electromagnetic energy in 

a lossless LHM requires that (ojRe [e(u)]j > 0, and 
^wRe [/t(w)M > 0. which implies for n(u> ) = —1 : 



d 



d . , 1 
—n{u ) > — . 
dui ojq 



(19) 



As a consequence of the dispersion of the refractive index, 
the frequency window Auj over which G 20 (u;) « G oq (lu) 
narrows with increasing thickness of the lens. When 
Aw becomes comparable to the natural linewidth of the 
atomic transitions Tn, the Markov approximation used 
in eq.J2l is no longer valid. To give an estimate when 
this happens, we note from eas.l|10 |) -l[T5 )l that for d » A 
the term in G 20 that is most sensitive to dispersion is 
the exponential factor e lK '( r-r ) e l ( fcl *~ fcs ) d . Taking into 
account a linear dispersion in this exponential factor, ac- 
cording to n = — 1 + a(uj — ujq), with a real value of 
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a, while keeping the resonance values for T TE , T™ and 
i? TE ,i? TM , one finds for the Greens-tensor 
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As can be seen from Fig. 0] the spectral width Aco of 
the Greens-function is in this approximation of order 
Alu m (fcoda) -1 . Since as mentioned above for a loss- 
less LHM a > l/u)o, one arrives at Alu < c/d. This leads 
to an upper bound for the distance of the atoms. The 
requirement Alu 3> Th leads to 
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This condition can easily be understood. It states that 
the distance between the two atoms must be small 
enough such that the travel time of a photon from one 
atom to the other is small compared to the free-space 
radiative lifetime. 
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FIG. 4: Im[G 20 (Lj)] following from eq.® for lossless LHM 
with n — — 1 + a(u) — lOo) for a = 45/u>o for dko = 1 
(dashed), 0.2 (dotted). Also shown is the numerically cal- 
culated spectrum for a specific causal model for n(u>) with 
resonances of e(ui) and /x(w) below u>o- n(oj) was chosen such 
that Re[n(oJo)] = — 1 and a = 45/cjo- The central structure is 
well represented by the linear-dispersion approximation 1201 . 
Furthermore a narrowing of the spectral width with increasing 
thickness is apparent. 



The existence of the sub-radiant state |o) = ( 1 12) — 
|21))/y2 can be used e.g. to prepare a maximally en- 
tangled state between the two atoms in a similar way as 
suggested in for a cavity system. Preparing the first 
atom in the excited state, i.e. |V>o) = 1 21) = (\s)+\a))/\/2 
and letting the system evolve leads to a 50/50 mixture of 
both atoms being deexcited and both atoms being in the 
anti-symmetric state \a), which is maximally entangled. 
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By detecting spontaneously emitted photons it is then 
possible to postselect with 50% success probability a 
maximally entangled pair of atoms. 

While the decay properties arc determined only by the 
Greens-tensor at one frequency, the dipole-dipole shift Slo 
depends on the whole spectrum of the dielectric function 
e(uj) and the magnetic permeability fi(u>). Using various 
single-resonance model functions for e and /i, which fulfill 
Kramers-Kronig relations we found values of Slo of up to 
0.5rn. It is not clear however what the upper value 
of |(5w|/rn is, as this requires an optimization over all 
possible (i.e. causal) material responses s(lo) and pl{lo). If 
\5lu\ ^> Tn could be achieved, an almost perfect coherent 
excitation transfer between two atoms in the focal points 
of the Veselago-Pendry lens is possible without the use 
of a resonator. In the opposite case of \8u>\ *C Tu the 
fidelity of such a transfer process drops to 25%. A more 
detailed study of the dipole-dipole shift in LHM will be 
the subject of further studies. 

In summary we have shown that two atoms put in the 
focal points of an ideal, i.e. lossless Veselago-Pendry lens 
exhibit perfect sub- and super-radiance as long as their 
distance is much smaller than the propagation length of 
light corresponding to the free-space decay time. Since 
the latter can be orders of magnitude larger than the 
wavelength, sub- and super-radiance can occur over dis- 
tances large compared to the resonance wavelength. 
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